A condition for openness  by Cronin, Jane
JOURNAL OF DIFFERENTIAL EQUATIONS 10, 147-151 ( 197 I) 
A Condition for Openness* 
JANE CRONIN 
Department of A!Iathematics, Rutgers University, 
New Brunswick, New Jersey 08903 
Received July 16, 1970 
We apply the one-sided bifurcation theory developed in a previous paper 
[l] to obtain a sufficient condition that a mapping be open. We first obtain 
the sufficient condition in general form and then obtain a simple geometric 
property that implies the condition. Lastly, we illustrate the theory with 
two examples. 
Let f be a differentiable map from an open set UC Rn into R” where 
n > 2. Let p E U and suppose B is the closure of an open set I3 in Rn such 
that B C U and p E B. Let f(p) = q and assume that f-‘f(p) n B = p. 
Let E be a subset of B such that 
(i) E is the closure of an open set E; 
(ii) p E E - E; 
(iii) there is a neighborhood N of p such that N n (E - E) is a smooth 
surface. 
Let A(., A) be a family of continuous maps, h E [-a, a] where a is a positive 
number, such that 
(1) for each h E [-a, a], A(., A) is defined on E and h(E, X) C B; 
(2) fIz( , ) is differentiable on U x (-a, a); 
(3) h(., 0) = I, the identity map; 
(4) if h f 0, then for all x E E - E, h(x, A) fp. (This implies that 
deg(fh(., A), 6, q), where deg(m, S, y) denotes the Browder degree of m at y 
and relative to S, is defined for all A E [-a, 0) u (0, u], because the only 
point in B that f takes into q is p.) 
Assumption 1. We assume that f h(p, A), X E [-a, a], is a smooth curve 
and let T denote the tangent of the curve f h(p, A), X E [-a, a], at X = 0. 
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Assume ,fh[N n (E ~ I?), 0] (-f[n’ n (E - E)]) is a smooth surface and 
let IV, denote the normal tof[N n (E - E)] at q. Finally, assume that T and 
IV, are not perpendicular. 
LEMMA. There exists b E (0, a] such that for all c E (0, 6) either 
%(fh(., -c), J? q) f 0 0~ deg(fh(* , c), E, q) f 0. 
Proof First by (4), deg(fh(., -c), E, q) and deg(fh(., c), E, q) are both 
defined. Then by Theorem 1 of [1], one of the two degrees in nonzero. 
THEOREM 1. There is a neighborhood NI of q such that f (B) contains NI . 
Proof. Take a fixed r E (0, 6). For definiteness, assume 
dedfh(., 4 -& 4 f 0. 
Then for each w sufficiently close to q 
deg(fh(., c), E, w) f 0. 
Hence there exists n E E such that f h(v, c) = w. Let h(v, c) = u. 
Then u E B and f (u) = w. 
COROLLARY 1. If f is a dzzeerentiable map from an open set UC Rn into 
Rn and if, for each point q E f (U), th eye z’s an isolated point p of the set f -l(q) 
for which the above conditions hold, then f is an open map. 
Now we obtain a simple geometric condition which implies that the above 
assumptions hold for the case of R2. (A similar condition can be obtained for 
the case R”, n > 2.) 
Let f, U, p and B be as defined above. 
CONDITION 1. Suppose there exists a line segment 17 containing p in 
its interior and a line segment L containing p in its interior such that the 
curve f (II) has a normal at ,f(p) and the curve f (L) has a tangent at f (p). 
Suppose also that the tangent and the normal are not perpendicular. 
Let D be a closed disk with center p such that the endpoints of the line 
segments II and L are outside D and such that ii; C B. Let ,!? be the half-disk 
of D that is bounded by II n D and a half-circle on D - D. Let k be a 
differentiable nonnegative function on U such that k is nonzero at p and 
h = 0 on (D - D) u (U - D) and max,,b k(x) :< 1/2r d(D, B”) where 
d(D, Be) denotes the distance between D and BC and Y is the radius of ij. 
For arbitrary x on the line segment bc in L (see Fig. I) define 
h(x, A) = x + AR(w); 
where $ denotes the vector with initial point p and head b and - 1 <AhI. 
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FIGURE 1 
Similarly, for x’ on the line segment b’c’ parallel to bc (see Fig. I), define 
h(x’, A) = x’ + Ah(d)& 
It is straightforward to verify that requirements (i), (ii), (iii), and (l), (2) (3) 
and (4) and Assumption 1 are satisfied. Thus by Theorem 1 we have 
THEOREM 2. If Condition 1 is satisfied, there is a neighborhood NI of q 
such that f (B) 3 Nl . 
COROLLARY 2. If f is a da#erentiable map from an open set UC R2 into R2 
and if, for each point q E f (U), there is an isolated point p of the set f -l(q) for 
which Condition 1 holds, then f is an open map. 
Now we look at two examples for which Condition 1 is satisfied. Let p = 0 
and let f be described by 
x = P(u, v) 
Y = Q(% 4, 
where P, Q are polynomials in u and v and P, Q have no constant terms. 
(Thus f(p) = f (0) = 0.) Suppose L and n are described by u = m,v and 
u = m2v, respectively. Thenf(L) and f (n) are described by 
x = P(m,v, v) = F,(v) 
Y = Q(m,v v> = G&) 
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and 
respectively. 
x = P(m,v, v) = E’,(v) 
Y = Qbw, 9 = G&h 
EXAMPLE 1. If 
P(u, w) = au + bv + (h.o.t.) 
Q(u, v) = au + pn + (h.o.t.), 
where (1l.o.t.) denotes higher order terms in u and 8, then 
F,(v) = am,v + bu + (h.o.t.) 
G,(v) = mzlv + ,Bv + (h.o.t.) 
and 
F,(v) = amp + bv + (h.o.t.) 
G,(v) = amp + pv + (h.o.t.). 
A tangent tof(L) at 0 is 
1 (amI + b) i- i (amI -t P), 
and a tangent tof(Lf) at 0 is 
I (am2 + b) + I (cdmg + /3). 
In order that Condition 1 be satisfied we require that these tangents be not 
collinear. That is, we require that 
amI + b am, --t p 
am2 +b am2 +P 
= (olb - ,L3a)(mz - ml) # 0. 
Since m, f m2 , we require that ctb - /3a f 0. That is, if this requirement 
is satisfied, Theorem 2 is applicable. Of course, we get nothing new in this 
example because if olb - j&z f 0, we can apply the implicit function theorem 
or degree theory to obtain the conclusion of Theorem 2. 
EXAMPLE 2. If 
P(u, v) = h,(u, v) + h,(u, v) + (h.o.t.) 
Q(u, v) = k,(u, 4 + Mu, 4 + (h.0.t.h 
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where h a, K, are forms homogeneous of degree 3 in u and v and h, , K, are 
forms homogeneous of degree 5 in u and v and (h.o.t.) denotes terms of 
degree higher than 5 in u and v, thenf(L) and f(n) are described by 
and 
x = h,(m,v, v) + h,(m,v, v) + (h.o.t.) 
y = k,(m,v, v) + h5(mIv, v) + (h.o.t.) 
x = h,(m,v, v) + h,(m,v, v) + (h.o.t.) 
Y = Qw, 4 + .%(TP, v> + (h.o.t.1, 
respectively. Now for i = 1, 2 
h,(W> v) = b&41 vu3 
h&w, v) = C~,(mi>l v5 
~3@%74 4 = k,(%)l v3 
~,(wG 4 = M4)l v5, 
where p, , q3 are polynomials of degree 3 and p, , q5 are polynomials of 
degree 5. Assume that we may choose m, , m2 , so that p,(q) = 0, q3(m,) f 0, 
ps(mi) f 0, and so that p,(ma) f 0, q3(m,) = 0 and q5(m,) f 0. Then f(L) 
andf(17) are described by 
x = [p5(m,)] v5 + (h.o.t.) 
and 
Y = k?3hN v3 + k5bh)l v5 + (h-o.t.1 
x = [P3@%J v3 + [P5@%)1 v5 + @*o-t*) 
Y = [q5@41 v6 + (h.o.t.1, 
where (h.o.t.) denotes terms of degree higher than 5 in v. A short calculation 
shows that these two curves have perpendicular tangents at the origin. 
In this example, the implicit function theorem cannot be applied. Also, 
the degree theory cannot be applied in general because it may happen that 
h, , h, , K, and k, have a common linear factor. Then in order to compute 
the degree, the higher order terms must be taken into account and a detailed 
study made. 
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